Entangled multi-qubit states without higher-tangle 
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We analyze mixed multi-qubit states composed of a IF class state and a product state with all 
qubit in |0). We find the optimal pure state decomposition and convex roofs for higher-tangle with 
bipartite partition between one qubit and the rest qubits for those mixed states. The optimality of 
the decomposition is ensured by the Coffman-Kundu-Wootters (CKW) inequality which describes 
the monogamy of quantum entanglement. The generalized monogamy inequality is found to be true 
for IF class states with arbitrary partitions between one qubit and multi-qubit. 
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Quantum entanglement has been the subject of much 
study in recent years as a physical resource for quan- 
tum communication and quantum information process- 
ing Entangled states have a number of remarkable 
features which has inspired an enormous literature in the 
years since their discovery. As a consequence, the study 
of quantum entanglement from various view points has 
been a very active area and has led to many interest- 
ing results. However, only the pure state entanglement 
shared between two parties is thoroughly understood and 
quantified; progress on mixed state of higher-dimension 
and the multipartite state has been much slower. In this 
paper, we will study the higher-tangle of mixed multi- 
qubit states and the related monogamy of entanglement. 

Monogamy of entanglement is a key property discov- 
ered recently in the context of multiqubit entanglement 
0, 0). It states that unlike classical correlations, quan- 
tum entanglement cannot be freely shared among many 
parties. For example, if a pair of qubits Alice (A) and 
Bob (B) have perfect quantum correlation, namely, if 
they are maximally entangled, then Alice cannot be en- 
tangled to a third party Charlie (C). The monogamy 
inequality is to capture in a quantitative way the trade- 
off between quantum entanglement shared by pair (A, B) 
and by pair (A, C). In the context of quantum cryptog- 
raphy 4], such a monogamy property is of fundamental 
importance since it quantifies how much information an 
eavesdropper could potentially obtain about the secret 
key to be extracted. The triqubit monogamy inequality 
was first proposed and proved by Coffman, Kundu and 
Wootters (CKW) in their seminal paper 0], and it is also 
named as CKW inequality. Recently the long standing 
conjecture of the general monogamy inequality with bi- 
partite partition between one qubit and the rest qubits 
for multiqubit states is proved by Osborne and Verstraete 
Q. To be precise, a multiqubit state pAB x ...B n shared 
among n + 1 parties, the distribution of bipartite entan- 
glement satisfies the monogamy inequality (also refer as 
CKW inequality): 



-(pABi) + t(pab 2 ) + ■■■ + t(pab„) < t(pa-. 
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where the bipartite quantum entanglement is measured 
by tangle t which is the square of the well known concur- 
rence [a, 0|- F° r T (PA-.B 1 B 2 ...B n )i the entanglement with 
bipartite partition for multiqubit is across A : B\B2-..B n 
cut. It is obvious from this monogamy inequality that 
the summation of quantum entanglement measured by 
tangle in pairwise type t(paBi)-> •••> and t(pa,b„) is up- 
per bounded by the amount of entanglement with bi- 
partite partition between A and B\...B n measured by 
t(pa:B 1 b 2 ...bJ- 

In the monogamy inequality |T]), the bipartite entan- 
glement is measured by tangle t which is the square 
of the concurrence for pure states, as we mentioned. 
The concurrence introduced in Refs.@, 7| is directly re- 
lated with entanglement of formation 8| for two-qubit 
case. As we know, the entanglement of formation is 
a well accepted entanglement measure, and has a clear 
physical implication in quantum communication proto- 
cols such as quantum teleportation 0]. However, in 
general, the concurrence, also with entanglement of for- 
mation can only be explicitly calculated for pure states 
and two-qubit mixed states. The reason is that the con- 
currence and the entanglement of formation of a mixed 
state are represented by the convex roof of the pure 
state decompositions [10|. As we know, there is no gen- 
eral method to find the optimal pure state decomposi- 
tion for a mixed state. However, recently, Lohmayer 
et al [111 ] successfully find the optimal decomposition 
of mixed three-qubit states composed of a GHZ state 
and a W state. And the optimal decomposition and 
the convex roofs for the three-tangle T3 [|J are obtained, 
where three-tangle for three-qubit state pabc is defined 
as t 3 (pabc) = t{pa-.bc) ~ t(pab) - t(pab), the resid- 
ual entanglement between A and BC that cannot be ac- 
counted for by the entanglement of A with B and C sep- 
arately. Similarly, we refer t(pa:B- l ...b k ) - 2™=i t {pab ] ) 
to higher-tangle. The monogamy inequalities by other 
entanglement measures and related topics can be found 
in Refs. [H, [H H [H, M, E3 

In this paper, we shall start from the analyzing of the 
tangle for (n + l)-qubit mixed states composed of a W 
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class state and the state |0)®'™ +1 '. The optimal decom- 
position for this kind of mixed states is found and the 
optimality is ensured by the CKW inequality. We then 
consider a more general monogamy inequality for a W 
class state with arbitrary partitions which is beyond the 
scope of the case proved in Ref.Q. Really, by the ob- 
tained result of tangle of the mixed state under considera- 
tion, the monogamy inequality is found to be still true for 
this case. And the monogamy inequalities by other en- 
tanglement measures will be presented. The study of this 
topic may shed light into both the entanglement measure 
for multipartite mixed states, a well known problem in 
entanglement theory of quantum information processing, 
and the monogamy in quantum entanglement distribu- 
tion. More references about those problems can be found 
in a nice recent review paper of quantum entanglement 
in Ref.jj. 

Tangle of multiqubit mixed states-Let's consider a (n+ 
l)-qubit W class state defined as: 

\W) = o|100...0>+6i|010...0>+6 2 |001...0) + ... 

... + 6„|000...1), (2) 

where generally a,bj,j — l,...,n are complex numbers. 
Without lose of generality, we assume that they are real 
numbers. This assumption does not change any of our 
conclusions in this paper. And as usual, we have the 
normalization condition a 2 + 53_y=i "j = !■ Suppose we 
have a (n+ l)-qubit mixed state shared by parties A and 
B%, B2,..., and B n which is a mixture of the state \W) 
and the state |0) = |0)®< n+1 \ 

p A B,...B n =p\W)(W\ + (l-p)\0)(d\, (3) 

where p is the probability of the W class state. We would 
like to find the bipartite state tangle t(pa:B 1 b 2 ...b ti ) be- 
tween A and B\B2--.B n . 

Before proceed, let's introduce the definition of the 
concurrence. For a pure bipartite state \4>ab), the con- 
currence is defined as C(4>ab) = 2-^/detpA, where detpA 
is the determinant of matrix pA, pa = trs (4>ab) is the 
reduced density operator of 0ab, and tr^ is to take 
trace over Hilbert space B. Here we use the notation 
4>ab = \4>ab}{4'ab\- The concurrence of the mixed state 
Pab is defined as the average pure state concurrence min- 
imized over all pure state decompositions, 

C(/. iB ) = mia^ J)j C(4), (4) 

which is also called convex roof extension [l(|, where 
Pab = "^Pj&AB- The optimal decomposition means 
that the pure state decomposition which gives the defined 
mixed state concurrence. The optimal decomposition is 
not necessarily unique. For two-qubit mixed state, the 
concurrence can be found by a well known method intro- 
duced by Wootters 0]. However, for the general mixed 
state of multi-qubit, there does not exist an explicit for- 
mula for the concurrence. 



Tangle of a pure state is defined as the squared con- 
currence. Similarly tangle of a mixed state is defined as 
the average pure state tangle over all pure state decom- 
positions, 

t(pab) = min^pji-^s) = min^pjC 2 (^ B ). (5) 

We next will study the tangle of the mixed state in J3J, 
T{pA:B 1 ...B n )- We remark that though pAB x ...B n is a mul- 
tiqubit state, the tangle t(pa:B 1 ...b„) is for a bipartite 

partition between A and i?i..._EL. 

Stimulated by the work in Ref.|lH , see [3] , we propose 
a trial pure state decomposition for the mixed state in ([3|) 
as the following: 

2 

PAB,...B n = ^£lv>Wl + (i-r)|o)<o|, (6) 

where \?p k } = *Jq\W) + y/l — qcu k \6), and w = e 2 ^ . 
Compare this pure state decomposition with the state 
in ([3]), we find that equation rq = p should be satisfied. 
For pure state \i/j k ), the reduced density operator of qubit 
A, p k A — trs 1 ...s n -0' c , takes the form 

A = (Vqa\l) + y/T= ^^|0))(V?a|l) + v / ^^|0» t 

By the equation r('0 fc ) = 4detp^, the tangle of the pure 
state \ip k ) with bipartite partition across A : B\...B n cut 
can be calculated as r(tp k ) = 4g 2 a 2 (X^ b 2 ). 

By definition we know that tangle t(pa-.b 1 ...b„) should 
be less than or equal to the average tangle in the trial 
pure state decomposition ©, 

2 

T{pA: Bl ...B n ) < £ X^T(^) 
fc=0 

= 4n Z V(£& 2 ) 

j 

= 4pqa*(Efy, (8) 

j 

where the last equation is due to the condition rq = p, 
and also when r = 1, q is minimum q = p, we thus know 
t(PA:Bi...B„) < ^P 2 a 2 (J2j bf)- We next will show that 
this is a tight upper bound for tangle, e.g., the trial pure 
state decompositions can realize the optimal pure state 
decomposition. 

According to the CKW inequality ([T]) proved in 
Ref.[B| , we know that r(pA:S 1 ...s„) > Z)"=i t {pab d ) > 
Sj=i ^ 2 (PABj :)j where the last inequality is because that 
the squared concurrence is a convex function on the set 
of density matrices 0, it is further shown to be an in- 
equality in Ref.[l8| ■ With the help of Eq.([3]), we obtain 

PAB] = p(a|10)+6,|01))(a|10)+6,|01» t 
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+ [l-p + 5>2]|00)(00|. (9) 

k& 

The squared concurrence can be calculated as 
C 2 (pab 3 ) = ±a 2 b 2 p 2 by the formula in Ref.7]. So 
we find the lower bound of the tangle has the form 
T (/°A:Bi...s„) > 4p 2 a 2 (J2j bj). Combine the upper bound 
and lower bound, we have a conclusion that 

t(pa: Bi ...bJ = 4 P 2 a 2 C£b 2 ) 

3 

n 

= E t (^)- ( 10 ) 

We thus know that the optimal pure state decomposi- 
tion of tangle for state pA-.B 1 ...B n can be in the form pre- 
sented in Eq. ^ . Actually only three vectors are enough 
to realize the optimal pure state decomposition since 
r = 1 is for all region of p, where p £ [0, 1]. Since the 
monogamy inequality ([1} is tight for the case considered 
in this paper as shown in (|10[) . the higher-tangle defined 
as t{pa b 1 ...b„) — Ej=i T (PABj ) vanishes for the state in 
(|3"|) , while this mixed state is in general entangled except 
in some extreme cases. 

Monogamy inequality with arbitrary partitions for W 
class states.-A nature question arise concerning about 
the CKW inequality in |lj is whether this monogamy in- 
equality is generally true or not for higher-dimensional 
systems. A simple example in Ref.[15| shows that this 
monogamy inequality does not hold in general for higher- 
level quantum states. Still we may wonder, to what ex- 
tent, this monogamy inequality can be applied, for exam- 
ple, even for case of multiqubit states. We next consider 
a following question: A multiqubit state pabcd... shared 
by A, B, C, -D,..., etc., while particle in A is a qubit, but 
B,C,D, contains several qubits as B = (BiB2---B n ), 
C = (CiC* 2 ...C m ), D = (DiD 2 ...Di),.... From the CKW 
inequality we know that both t(pa-.bcd...) and t(pa-.b) + 
t(pa:c) + t(pa-.d) + ---, are greater than or equal to quan- 
tity Ej B T (PAB JB ) + Ej T (PAC JC ) + Ej D T (PAD JD ) + ■■•• 

The problem is for arbitrary partitions, whether we still 
have the following monogamy inequality? 

t(pA:BCD...) > t{pA-.b) + t{pA-.c) + t(pa-.d) + ■■■ (H) 

We may consider a normalized W class state shared by 
ABCD... as the follows, 

\w) = &|ioo...o) + []T^+E^ c 

Ob 3c 

+E4>< + -]|o>' ( 12 ) 

3D 

where er£ is the Pauli matrix on site k. This state is ac- 
tually just like the state in By direct calculation and 
as pointed out in Q , we know the W class states sat- 
urate the CKW inequality. That means t(pa-.bcd...) = 



x(A:BCD...) = 

o : ooooooooo 

A BCD 

z(A:B)+ x(A:C)+ x(A:D)+... 

O:000+O:000:0000+ 

A BACA D 

FIG. 1: A generalized CKW inequality is satisfied (saturated) 
for mixed states in (J3j form, if p = 1, they reduce to W class 
states. 

Ej fl T (PAB JB ) + Ej c T (PAC JC . ) + Ej D T (PAD JD ) + ■■■ for 

state \W) in Eq. (fT2|) . Then it is quite interesting to 
know whether all of the states pab, Pac, Pad, satu- 
rate the CKW inequality or not since we already know 

t(pa-.bcd...) < t(pa-.b) + t(pa-.c) + t(pa-.d) + The 
saturation means that this is an equation, otherwise, the 
CKW inequality for partition pa-.bcd, Pa-.b, Pa-.c , ■■■ will 
be violated. Thus W class states in (fT2|) are good can- 
didates to check the CKW inequality since there is no 
room for other than saturation case, otherwise, a coun- 
terexample is found to violate the CKW inequality. 

Without lose of generality, let's study the reduced mul- 
tiqubit mixed state pab, from Eq. (|12p . we find 

Pab = (o|10...0)+6i|01...0) + ... + 6n|00...1))x 

(a|io...o) + bxioi. ..0) + ... + b n \m...i)y 

+ (E4+E d X+-)|0-..0)(0...0|. (13) 

JC 3D 

Let p — a 2 + Ej bp and let a = a/^/p, bj — bj/ ^/p, quite 
interestingly, we find pab = PABi...B n , as presented in 
([3]). Thus, all mixed states pab, Pac, Pad,---, are exactly 
the same form as the mixed states in ([3]). 

We already find the optimal pure state decomposition 
of the multiqubit mixed state Pab 1 ...b 2 , and really it sat- 
urates the CKW inequality, e.g., without higher-tangle. 
We thus know that all mixed states pab, Pac, Pad,---, 
saturate the CKW inequality. So for W class states, the 
generalized CKW inequality (fTTj) still holds for bipartite 
case with one party to be a qubit and other parties can 
be in arbitrary partitions B,C,D.... Interestingly, the 
CKW inequality is saturated for all of those partitions. 
One may realize now that not only W class states, actu- 
ally all states (mixed) in from ((3|) actually saturate the 
CKW inequality with arbitrary partitions, see Figure. 
Here, we are tempted to conjecture that for all multi- 
qubit systems, a more general monogamy inequality as 
(fTT|) holds. This question of course should be explored 
further. 

An example. -Let's consider a five-qubit W state, 
\Wabc) = (| 10000) + 101000) + ... + |00001))/V5, where 
B = B\Bi and C — C\Ci- Since W state is sym- 
metric, and we have pab = Pac- Out motivation is 
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to find whether we have a general monogamy inequal- 
ity as t(p a ..bc) > t(pa:b 1 b 2 ) + t{p A :C 1 c 2 )- 0ne can 



find t{pa-,bc) — 4detp^ = Since W state saturates 
the CKW inequality, then if t(pa-.b) ^ §g) see [27J, it 



is a counter-example that violates the general CKW in- 
equality. For W state, we have pab x b 2 — ^\W)(W'\ + 
§ 1 000} (000 1, where we denote \W) = (|100) + |010) + 
\001})/V3. With our conclusions in this paper, the opti- 
mal pure state decomposition takes the form pa.B\B 2 — 



\\W) 



w fe |000). 



§ELol^>(V> /fe |, where \^' k ) = 

Then by definition in (O, we have t(pa-.b x b 2 ) = ^ • Thus 
for W state, a more general monogamy inequality is sat- 
isfied. 

Monogamy inequality of entanglement by other entan- 
glement measures — Three-tangle T3 is defined due to 
the CKW inequality 0, E2] as the residual entangle- 
ment. Since it vanishes for any separable pure state, 
it is then proposed to define the genuine multi-qubit en- 
tanglement [12J. However, W states (W class states) 
which are genuine multipartite entangled have vanish- 
ing three-tangle, as we already know. We thus propose 
to use other monogamy inequalities in terms of different 
entanglement measures to quantify the residual entan- 
glement. In Ref . [l6| . the monogamy inequality by entan- 
glement measure, negativity denoted as M(pab) [HI, is 
proposed. It is shown that the residual entanglement is 
always larger than zero for W like states. Similar as in 
Ref.[l6(, we would like to point out that, the entangle- 
ment measure by the realignment method [23], see also 
[2lj ] . denoted as TZ(pab), also satisfies the monogamy in- 
equality. To be precise, let \tpABc) be a triqubit state, 
then we have 



k 2 (^a:bc) > n 2 { P AB) + n 2 {pAc), 



(14) 



similar as the monogamy inequality in terms of the 
negativity A/" 2 (ipA-.Bc) > M 2 {pab) + M 2 {p A c)- Those 
two inequalities are due to the fact that, IZ(pab) and 
N{pab) are lower bounds for concurrence C(pab) as 
pointed out in Ref.Q, C > max{7V, 1Z}. Thus the proof 
of CKW inequality leads to the proof of those two in- 
equalities. Those two inequalities can be complementary 
to each other. We remark that one advantages to use 
AT,7Z(pab) is that they are operational to be calculated. 
The monogamy inequality by relative entropy of entan- 
glement [2J, 0] is also an interesting question [2|| . 

Conclusions. -We analyze the multiqubit mixed states 
composed of a W class state and the state |0), the opti- 
mal pure state decomposition is found for tangle for those 
states. It is shown that these mixed states saturate the 
CKW inequality and thus are without higher-tangle. We 
then study a more general CKW inequality for multiqubit 
state with arbitrary partitions, W class states are likely 
to violate this general CKW inequality However, we find 
the general CKW inequality with arbitrary partitions is 
still true for W class states, the general CKW inequal- 



ity is saturated by W class states. A new monogamy 
inequality by matrix realignment quantity is presented. 
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Apparently it should be strictly larger than 8/25 since 
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